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Abstract

This research is motivated by observations of medium-term evolution in both real

business activities and financial sectors, which nevertheless tends to be ignored in the

standard business cycles. The medium-term cycles are defined as the sum of the high

and medium-frequency (over 8 years) variations. This paper examines whether these

medium-term fluctuations reflect some persistent mechanism of economic activity re-

acting at high-frequency variations and directing to long-run growth. My wavelets

analysis with post-war US data indicates that the medium-term cyclical components

are important descriptive features for real output, credit to firms, investment, con-

sumption, TFP, human capital, firm’s funded R&D expenditure. These fluctuations

are substantially more volatile and persistent than the conventional measures. Then I

develop, as a first pass, a quantitative model to provide an integrated explanation of

medium-term fluctuations in both real and financial sectors. The model endogenises

the movements in productivity and growth rates with devices of human capital, inter-

mediate product variety and firm’s R&D investment, and introduces the firm’s credit

constraint collateral on the expected firm value. Intuitively, the high-frequency dis-

turbances would affect the firm value expectations and then credit limit to firms that

is related firm’s R&D investment, thus producing sustained effects on productivity

over the medium term. Incorporating the endogenous growth and financial accelerator

within the dynamic stochastic general equilibrium (DSGE) framework, my model il-

lustrates that these two mechanisms as well as their interactions play a central role to

prolong and amplify the high-frequency disturbances that leads to the medium-term

oscillations.

Keywords: Medium-term fluctuations, Frequency over 8 years, Endogenous growth,

Financial Accelerator, Persistence and amplifications.



1 Introduction

Macroeconomics is largely divided into two sub-fields. One focuses on the business cycle in

the short runand the other stresses the growth and its determinants in the long run. This

simplified division tends to ignore the medium term. Medium-term evolution that is distinct

from either business cycle fluctuations or steady-state growth, however, characterises the

modern economies.

Facts in both financial sector and real economy construct the points. The financial factor

oscillating over medium-term frequencies has been widely identified in current literature.

For example, measuring credit to GDP ratio of Italy between 1861 and 2011, De Bonis and

Silvestrini (2014) identify a financial cycle with a frequency of 23 years. Drehmann et al.

(2012) discover that the financial cycle lasts between 10 and 20 years for seven industrial

countries (US, UK, Australia, Germany, Japan, Norway, Sweden) from 1960 to 2011. Aikman

et al. (2015) suggest that the medium-term frequency of 13 years is the most significant

source of overall variation of real loan growth for the UK and US from 1880 to 2008. Galati

et al. (2016) find that the financial cycles of the US, France, Italy, Spain, Germany, and

Netherlands have a frequency range of 8-25 years. Defined as the movement of property

prices and credit, financial cycles move not only more persistently but also more volatile,

compared to business cycles. (Galati et al., 2016; Drehmann et al., 2012; Borio, 2014).

As for the empirical evidence in real activities, Blanchard et al. (1997) stress the low-

frequency variations (about a decade) of unemployment rates and capital share in advanced

countries. Using the post-war US data, Comin and Gertler (2006) present that the medium-

term cycles (2-200 quarters) fluctuate much larger than the business cycles (0.5-32 quarters).

Long swings in real economy, however, tend to be ignored in current literature, compared

to the well-know medium-term windows of financial sector. To better examine whether

medium-term cycles also exist in real economy, we investigate real GDP series of 30 developed

and developing economies back to 1870, and we find that the medium-term fluctuations (8-

32 years) are an important descriptive feature of the national economy dynamics. The
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amplitude of the medium-term cyclical component is all larger or at least comparable with

the conventional business cycles (2-8 years); and the cyclical component with the largest

contribution to national economic fluctuations lies in medium-term frequencies, ranging from

13 to 32 years. The empirical evidence suggest that medium-term fluctuations are significant

in both real economy and financial sector, but also these two series tend to interact over low

frequencies. For example, Rünstler et al. (2018) study 17 EU countries and discover that

since 1988, house prices and credit fluctuate over a frequency range of 8-15 years, which are

closely related with the fluctuations in real GDP.

While it is true that the macroeconomic literature has not typically focused on medium-

run mechanism, this is not the first attempt to explore such issues. Comin and Gertler

(2006) regard medium frequency oscillations as the product of business cycle disturbances

at the high frequency a significant degree. Modifying the traditional business cycle frame-

work, they establish the only existing quantitative macroeconomic model of medium-term

business cycle. Their model fully endogenises cyclical productivity dynamics, and thus the

high-frequency disturbances have sustained effects on productivity over the medium term

through influencing the pace of both R&D and adoption. Their theory provides the ideas

of endogenous productivity mechanism to decode low-frequency cycles, but limit their at-

tention in real activity, and ignore the financial factor. Financial intermediaries, however,

makes possible technological innovation and economic development, as stated by Schumpeter

(1911). Innovation motivate the economic growth, which is affected by financial factors.

This research aims to provide an integrated explanation of medium-term fluctuations

in real and financial sector, by incorporating both endogenous productivity and financial

factors. At the same time, we notice that these medium frequency oscillations in both real

economy and financial sector, are intimately related to short-run business cycles and long-run

growth, despite the distinctions between them. To emphasise the interrelation of oscillations

over a large ranges of frequencies, we refer the sum of both high and medium frequency

variations in business activity as “medium-term business cycle”. The medium-term cyclical
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components are defined as the frequencies over 8 years.

Our first objective is to construct an alternative trend/cycle decomposition using a non-

parametric and time-varying filtering method-wavelets to measure the cycles over both high

and medium frequencies in real economy, financial sector and R&D activity. We present

evidence based on a variety of postwar U.S. time series data that differs from the conven-

tionally measured cycle in a number of interesting and important ways. Our second objective

is to develop a quantitative model capable of explaining the stylised facts of medium-term

business cycles. We attempt to capture variations of real economy, financial sector and R&D

activity over both high and low frequencies in a unified framework.

In section 2 we present evidence on medium term fluctuations. we experiment the mea-

sures of medium-term cycles by two ways: log difference and log levels of time series, which

represent different economic meanings. The log difference measures the growth rates of

the variables, while the log level measures the deviations around the long-term trend. To

measure economic cycles through growth rates is applied by Comin and Gertler (2006), and

their detrended fluctuations consist of variations over the whole period studied, namely 0.5-50

years. We employ the method of Comin and Gertler (2006). Meanwhile, the wavelet anal-

ysis utilised in this research is capable for detrending the non-stationary time series, which

allow us to measure log-level cycles directly. With wavelets, it is not necessary to transfer

the non-stationary to stationary by taking log difference. We show that the medium term

cycle for most variables is considerably more persistent and volatile than the conventionally

measured cycle. These findings, further, are statistically significant and not an artifact of a

small sample size. Besides, there are a number of interesting patterns. For example, credit,

firm funded R&D and human capital moves procyclically over the medium term, while the

relative price of capital that measures the technology progress moves counter-cyclically over

both medium and high frequencies.

Section 3 illustrates our model. We consider a simple real business cycle model modified to

allow for financial accelerator and endogenous productivity, to provide a unified explanation
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for the co-movements of credit, TFP, the relative price of capital and R&D over the medium

term. Endogenous growth theory explains long-run growth as emanating from economic

activities that create new technology and knowledge. It stresses technological progress rate

is internal outcome of an economic system, not the result of forces that impinge from outside

and thus challenging the neoclassical view.

Endogenous growth can be modelled from two channels as discussed in current litera-

ture. The first one is that endogenous growth can be introduced through physical capital

and human capital accumulation as shown by AK model. The early version of AK model is

produced by Frankel (1962), who propose the constant or even increasing marginal product

of capital. This is because, technological progress created by intellectual capital can offset

the tendency of diminishing marginal product of physical capital. Romer (1986) develops a

similar analysis is conducted in a more general production structure allowing for intertem-

poral dynamics rather than fixed saving rate as Frankel (1962). Lucas Jr (1988) focuses on

human capital rather than physical capital, under the assumption that human capital and

technological knowledge are the same.

The second channel is ‘innovation-based’ endogenous growth theory. Romer (1990) ini-

tially proposes aggregate productivity as an increasing function of the variety degree of

intermediate products. Intuitively, an increase in product variety raises productivity by al-

lowing society to spread its intermediate production more thinly across a larger number of

activities, each of which is subject to diminishing returns and hence exhibits a higher aver-

age product when operated at a lower intensity.In this theory, innovation causes productivity

growth by creating new, but not necessarily improved, varieties of products. Another ver-

sion of innovation-based growth theory is the ‘Schumpeterian’ theory developed by Aghion

and Howitt (1990) and Grossman and Helpman (1991). They focuses on quality-improving

innovations that render old products obsolete, through the process that Schumpeter (1942)

called ‘creative destruction’. In their model setup, the measure of intermediate product va-

riety is normalized to unity, and each sector of intermediate product is monopolised with
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with a constant marginal cost of unity. Thus, innovation-based theory implies that the way

to grow rapidly is not to save a large fraction of output but to devote a large fraction of

output to research and development.

The human capital and innovation-based endogenous growth, however, do not necessarily

conflict. Funke and Strulik (2000) propose an endogenous growth model with physical capi-

tal, human capital and product variety of intermediate goods. Transition from accumulation

of physical factor to human capital and R&D increase, associated with initial and higher

stage of economy development, which is explained endogenously in their model. The ap-

proach to encompassing human capital and the variety of intermediate goods to endogenise

productivity dynamics is employed in this research.

Another important device of our model is the feedback loop between firm’s credit and

overall economic activity that is referred as financial accelerator. It is similar with Keynesian

multiplier that connects consumption spending with overall economic activity. What is dif-

ferent is that the financial accelerator is motivated by firms’ investment decisions in the face

of an external finance premium due to agency problems in financial markets. Gertler and

Bernanke (1989) develop theoretical macroeconomic models to explain financial accelerator

by relating external finance cost to firms’ net worth. As net worth declines, the cost of exter-

nal finance increases and firms cut back on investment. Then the net worth in next period

becomes worse due to the decrease of leverage and investment, and that is how economic

shocks is amplified and prolonged by the financial accelerator. In a highly influential study,

Kiyotaki and Moore (1997) construct a model of dynamic economy that regards the durable

asset (e.g. land) not only as production factor but also the collateral to secure loans. They

find that the increase of firm credit will enhance the marginal productivity of durable asset,

but also increase the asset price. The dynamic interaction between credit limits and asset

prices turns out to be a powerful channel that generates the financial accelerator.

In further, Bernanke et al. (1999) measures the role of credit market frictions in business

cycles qualitatively and quantitatively. Considering price and money stickiness, lags in in-
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vestment, heterogeneous firms, their model incorporate corporate credit into dynamic general

equilibrium model (DSGE) , which exhibits that the financial accelerator has a significant

influence on business cycle dynamics. They also find that monetary policy is more effective

because of the financial accelerator. The ability of monetary policy to offset the effects of

financial shocks, however, is strongly compromised, when the economy hits the zero-lower-

bound on nominal interest rates (Morley, 2016). Such situation may happen when debtors

deleverage and decline the debt limit alongside a debt-deflation spiral (Eggertsson and Krug-

man, 2012). These theories discussed above suggest that financial factors have the ability

to generate, propagate and amplify economic shocks through changes in the credit limit and

cost faced by firms making capital investment decisions.

Section 4 solves the model and compute the balanced growth path and equation systems

in steady states. Section 5 shows some calibrations and simulation of the model. Currently,

we check the model with the standard technology shock and present the impulse responses

for key variables. This is the research in progress, and next we will adjust the model and

refine the simulation. The following work plans are discussed in Section 6.

2 Evidence on the medium-term cycles

2.1 Data and preliminary test

Based on postwar US annual data from 1946 to 2020, we consider two sets of variables. The

first includes “standard” business cycle series: real output, real investment, real consump-

tion, hours, and labor productivity. Particularly, output is for nonfarm business, hours are

the average annual worked by persons, investment is private fixed nonresidential, consump-

tion includes non-durables and services. The second includes other variables that are helpful

for characterizing the movements in both financial factor and real business activity over the

medium term. These include credit to firms, firm funded R&D expenditure, total factor

productivity(TFP) , the relative price of capital. R&D is nonfederally funded R&D expen-
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ditures in real term funded by firms as reported by the National Science Foundation (NSF).

Credit is to non-financial corporations from all sectors as calculated by Bank for Interna-

tional Settlements (BIS). The rest of variables are all from Federal Reserve Economic Data

(FRED). We normalise the aggregate variables by nonfarm employment minus government

employment.

Before we our empirical study of medium-term cycles of these variables, we step back to

have a general picture of the key areas that we study. Figure 5 1 presents R&D investment

to GDP ratio, where business and government are the major funders. In contrast to the

declining trend of federally funded R&D, the business plays a growing role in the national

R&D system. The business sector becomes the largest funder and performer of U.S. R&D

since 1980. In 2017, domestically performed business R&D accounted for 73% of the na-

tional R&D total. The business sector’s status as the predominant player in national R&D

performance has long been the case, with its annual share ranging between 69% and 73%

over the nearly two-decade period of 2000–17. It in turn reflects the considerable increase of

R&D-dependent goods and services in the national and global economies.

Figure 6 2 exhibits the credit to household and non-financial corporations. The broader

trend during post-war for both series has been a rising R&D-to-GDP ratio, albeit with some

periods of decline. Notably, the period from 1980s to 2008 witness a significant increase in

credit to household, overriding the amount of credit to corporations, while this trend become

declining since 2008. In contrast, credit to non-financial corporations is gradually increasing

with more regular dynamics.

Another important stylised fact, as shown in Figure 7 3 , is the decline in the relative price

of capital in contrast with upward trend of productivity. Empirical evidence has proved that

the decreasing relative prices of machinery and equipment is driven by productivity, and tend

to generate an increase in real investment over the past three decades (Lian et al. (2020),

1Figure 5 is shown in Appendix A.
2Figure 6 is shown in Appendix A.
3Figure 7 is shown in Appendix A.
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2020). The relative price of capital increase as an indication of improvement of productivity

is presented in our model.

2.2 Measuring the medium-term cycles with wavelets

In this section we present the empirical evidence of medium-term business fluctuations. To

detrend the data, we use the wavelet filters, which are local orthonormal bases consisting of

small waves that dissect a function into layers of different scales. Wavelets is innovated to ad-

dress limitations of Fourier transform from two aspects. First, Fourier analysis only provide

frequency solutions without precisely local time information, and thus it can neither dis-

tinguish transient relations nor identify structural changes. Wavelets incorporate both time

and frequency into its basis function with an automatic coordination mechanism. Second,

basis function of Fourier transform is infinite sines and cosines, implying that the specific

frequency detected by Fourier transform should exist for the whole period studied, which is

not the case for most economic time series. The basis of wavelets, however, is a waveform

of effectively limited duration that has an average value of zero. This efficient reduced form

of trigonometric function allows the flexibility of Wavelets for detecting the time-varying

periodic components. The advantages of wavelets over Fourier in non-stationary time series

data are evident.

The alternative popular filters are the Band-Pass (BP) filter proposed by Baxter and

King (1995) and the Hodrick-Prescott filter (HP) (1997). Band-Pass (BP) filter is basi-

cally a two-sided moving average filter and passes frequencies within a certain range and

attenuates frequencies outside that range. Hodrick-Prescott filter (HP) examines a trend by

maximizing a criterion function that penalizes both deviations of the data from the trend

and variation from the trend, depending on the relative weights on each objective as pro-

posed an appropriate smoothness parameter λ. Band-Pass (BP) filter and Hodrick-Prescott

filter (HP) have the same properties and can be often substituted to each other (Stock and

Watson,1999). The cyclical components produced by these two filters are comparable and
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their main characteristics are remarkably similar (Ravn and Uhlig,2002).

Among the decomposition tools, we choose wavelets for two reasons. First, wavelets are

advantageous in measuring low-frequency fluctuations. The standard Band-Pass filter and

Hodrick-Prescott filter are designed to measure the conventional business cycles associating

with the frequencies between 2 and 32 quarters (Hodrick and Prescott, 1997; Baxter and

King, 1999;Christiano and Fitzgerald, 2003). Such decomposition methods can perform well

in studying high-frequency fluctuations, rather than the trend and low-frequency cyclical

components. Wavelets, in contrast, is like a wide-angle camera lens that allows one to take

broad landscape portraits as well as zoom in on microscopic detail that is normally hidden

to the human eye. Wavelets are mathematical expansions that transform data from the time

domain into different layers of frequency levels, and thus have the flexibility to measure any

scales of period windows. Second, wavelets can better map between the frequency domain

and the time domain. Wavelets estimate the power spectrum of a time series as a function

of time, tracing the time-varying characteristics of periodic components. It cannot only

provide the local time information, but also allows for a corresponding relationship between

the frequency and time window. In order to capture structural changes for non-stationary

series, the application of Wavelets is favored over the other decomposition analysis. The BP

filter and HP filter can work for stationary time series, rather than non-stationary ones. In

some critical time period (e.g. structure changes) within the time series data, the BP filter

and HP filter is not effective compared with the wavelets transform.

The conventional business cycle associates with the frequencies between 2 and 32 quaters

(Hodrick and Prescott, 1997; Baxter and King, 1999; Christiano and Fitzgerald, 2003).

In these cases, however, the trend exhibits considerable variation about a simple linear

trend, which however implies the existence of significant cyclical activity over the medium

frequencies. Such cyclical component between high-frequency oscillations and linear trends

is missing in current literature, and our measure of fluctuation adds this back in the medium-

frequency variation for two reasons. First, over the sample period there have been a number
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of factors in both real and financing activities, such as credit, institution, demographics,

productivity, human capital that are likely to have introduced variation in the data, mainly at

the very low frequencies. The momentum and mechanism that drives the high-and medium-

frequency variation in the data might be different, which is our research interest. Second,

with a high-frequency cycles and linear trend, estimates of some of the key moments in the

data over longer periods can become very imprecise. We chose a cutoff for the trend in the

frequency domain of 64 years (roughly the sample size) because we found that with this

decomposition we obtain, for the most part, both reasonably smooth trends and estimates

of the variability of the filtered. The decomposition consisting of high-and-medium-term

fluctuations and linear trend provides us a more comprehensive and precise understanding

of the time series.

As mentioned in introduction, we measure the economic fluctuations based on log dif-

ference and log levels respectively4. On one hand, following Comin and Gertler (2006), we

define the total medium-term business fluctuations as including frequencies of growth rates

between 2 and 64 years. We decompose the medium-term cycle as follows: we refer to the

frequencies between 2 and 8 years (the standard business cycles) as the high-frequency com-

ponent, and frequencies between 8 and 64 years as the medium-frequency component. We

proceed the data with the method of Comin and Gertler (2006) as follows. The first step

is to take log differences to convert the original data into growth rate, since most series

that we studied are nonstationary. And we apply the wavelets filter to the series of growth

rates, obtaining a measure of trend growth rates that corresponds to frequencies 64 years

and below. We then calculate these trend growth rates to obtain measures of the trends

in log levels. Therefore, we have growth rate dynamics over 2-64 years that can be used to

compute the corresponding variations of log level.

On other hand, the wavelets filer can be used directly to detrend the non-stationary time

series, as we discussed previously. Thus, it is not necessary to convert the non-stationary

4More details can be seen in Figure Appendix: A2.Medium-term Cycles by Log Difference, A3.Medium-
term Cycles by Log Levels
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time series to the stationary ones. Instead, we can input the original log levels of each series

into wavelets transforms to generate the deviations along the trend. In this case, we define

the medium-term cycles and medium-term cyclical components as the fluctuations over 2-32

and 8-32 years respectively with annual data.

We assume the different frequency ranges of medium-term cycles for growth rates (2-

64 years) and log levels(2-32 years), to correspond their different economic interpretations.

However, even though our measure of the growth rate cycle includes frequencies up to 64

years, its representation in the time domain leads to cycles on the order of a decade, re-

flecting the distribution of the mass of the filtered data over the frequency domain. For

the conventional business cycle decomposition, as we show, the cycles are much shorter. It

is worth noting that the medium-frequency variation in the data is not orthogonal to the

high-frequency variation. For this reason, we need to understand the overall fluctuation over

medium-term cycles, rather than simply the medium-frequency component.

Figure 1 presents the medium-term cycle for real non-farm business output per person

based on log difference and log level respectively. The blue line presents the medium-term

cycle, and the red line gives the medium-frequency component. The difference between the

two lines is the high-frequency component: the variation at frequencies over 2-8 years, which

is the cycle measured by the conventional analysis. The similarity and difference of these

two methods can be seen. Currently, in order to compare our research results with Comin

and Gertler (2006), the following discussions refer to the medium-term cycles generated by

log difference5. Overall, the medium-term cycles captures the long swings of post-war US

economic activities. There is sustained upward movement in output over the 1960s, which is

followed by significant decrease trend through the 1970s. Output reverses course in the 1980s

through the early 1990s. There is another long upward swing beginning the mid-1990s until

the 2008 financial crisis that opens a decade downwards trend. These persistent movements

indicate medium-frequency variations in the data that are larger than the the high-frequency

5As the following work, we will compare the cycles of log difference and log level with more details and
match the data with our model.
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cycles measured conventionally.

(a) Log Difference (growth rate)

(b) Log Levels (deviations from the trend)

Figure 1: Real Non-farm business output per person

The output fluctuations over different frequencies are further presented in Figure 2. Fig-

ure 2(a) displays dynamics of output per capita in log level that is generated previously by

2-64-year variations of growth rates with discrete wavelets. The series in sub-figure(a) input

into continuous wavelets (Morlet) to generate the power spectrum as shown in sub-figure(b)6.

6The horizontal axis shows the time dimension, while the periodicity of the cycles is presented on the
vertical axis. The power is scaled by color, ranging from dark blue (low power) to warm color (high power),
and red (even higher power). The white lines show the maxima of variations, which is instrumental in
identifying the cycle with the largest amplitude of fluctuations. The black contour designates the 5 per cent
significance level. The parabola-like black line shows the cone of influence, and the regions outside those
bands might be distorted by the end-of-sample problem, and the regions affected by this problem increase
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Sub-figure (b) illustrates that wavelet power of medium-frequency components (over 8 years)

contribute a larger and statistically significant contribution to the overall variations of out-

put, compared with high-frequencies measured by traditional business cycles. The same

information from spectral analysis is also provided by the global wavelet power spectrum

(GWPS), which suggests that 38 years is the most powerful cycle frequency for post-war

US output. This finding is confirmed by Fourier spectral density, despite discrepancies in

specific number of years between two measures.
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(c) Global Wavelet Power Spectral
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Figure 2: Power spectrum of non-farm business output per capita
(a) Aggregate fluctuations in log levels. (b) Wavelet power spectrum of the time series (a), produced by
continuous wavelets, the Morlet Wavelet with ω0 = 6. The horizontal and vertical axis are the time and
periodicity dimensions respectively. The power is scaled by color, which ranges from blue (low power) to
warm color (high power). The white lines show the maxima of undulation amplitudes. The black line of
contour shows the edge of 5 percentage significance. The thick black line indicates the cone of influence.

(c) Global wavelet power spectrum is average wavelet power for each frequency. (d) Power spectral density
based on Fourier transform.

in intensity as the period parameter increases. This problem can distort the estimations Fourier spectral
density, but not the wavelet power spectral, as discussed previously.
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Similarly, the medium-term cycles of credit to non-financial corporations are depicted in

Figure 3 and 4. Figure 3indicates that credit series is featured with medium-term cyclical

components, and high-frequency cycles have a much smaller contribution to overall fluctu-

ations. The medium-term cycles describe the major sustained movements of credit. There

is a continuous increase trend in credit relative to trend over the 1960s and 1970s. The

next decade witness increasingly tight credit constraints for firms. After the credit booms in

several years, there is a significant downward trend of credit to non-financial firms beginning

in the mid-1980s. Then the amount of credit to firms begins to increase since the mid-1990s

and then decreases in the early 2000s. Credit boom reaching a record high predicts the

global financial crisis in 2008 7, which leads to a quick decline in credit supply for following

several years. And the last decade sees a graduate increase of credit provision to firms.

Figure 3: Credit to non-financial corporations

In Figure 4, the power spectrum of credit to non-financial firms indicates that medium-

term cyclical components, particularly frequencies over 8-32 years, contribute the largest

and statistically significant contribution to the overall fluctuations. In contrast, the power

at business cycles (2-8years) is relatively low and insignificant. The global wavelet power

7Global financial crisis in 2008 affects the credit supply and private credit conditions for the whole
market, including credit to firms, although it is major motivated by subprime mortgage.
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spectral in further identifies the periodicity of 10 years is the most powerful cycle frequency

for the credit to firms.
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Figure 4: Credit to non-financial corporations
(a) Aggregate fluctuations in log levels. (b) Wavelet power spectrum of the time series (a), produced by
continuous wavelets, the Morlet Wavelet with ω0 = 6. The horizontal and vertical axis are the time and
periodicity dimensions respectively. The power is scaled by color, which ranges from blue (low power) to
warm color (high power). The white lines show the maxima of undulation amplitudes. The black line of
contour shows the edge of 5 percentage significance. The thick black line indicates the cone of influence.

(c) Global wavelet power spectrum is average wavelet power for each frequency. (d) Power spectral density
based on Fourier transform.

To have a better overview of medium-term variation behavior, we explore individual

detrended time series of major variables, including investment, business funded R&D ex-

penditure, TFP, relative price of capital goods, human capital8. Figure 9-21, as shown in

Appendix A, plots the medium-term business cycle together with the associated medium-

8Wavelets analysis of all major variables based on log difference and log levels is presented in Appendix
A. Figure
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frequency component and continuous wavelets power. Clearly, medium-term cyclical com-

ponents exist in all these variables, and also tend to have much larger magnitude than that

of high-frequency cycles. The empirical results of wavelet power spectral reveal that the

medium-term frequencies contribute the largest contribution to detrended series, including

investment (32 years), human capital (32 years), business R&D expenditure (8 years).

Table 1 exhibits a formal statistics, including the standard deviations in percent and

their 95% confidence intervals, for the major variables-output, hours, consumption, invest-

ment, credit to non-financial corporations, business funded R&D expenditure, TFP, relative

price and human capital. For each variable, the table summarises the standard deviation in

percentage over the medium-term cycle, as well as medium- and high-frequency components

respectively. The associated 95% confidence intervals are computed by Newey-West trunca-

tion method, as listed below each number. Importantly, as shown in the second column of

the table, the variation of medium-frequency cyclical components in each variable is statis-

tically significant. This is proved by that the confidence interval for the standard deviation

of each variable lies safely above zero. In this regard, our measure of the medium-term cycle

differs in a statistically significant way from the conventional high-frequency measure. Mean-

while, the confidence interval for each variable over medium-term cycles and high-frequency

cyclical components all stays above zero, indicating that all these standard deviations are

statistically significant.

Comparing the first and last column in the Table 1, we find that all the variables listed ex-

hibit considerably greater volatility over the medium-term cycles than over standard business

cycles. Particularly, in the cases of output, investment, consumption, credit and business

funded R&D, standard deviations are roughly double over medium-term cycles. In further,

as shown in second column, the standard deviation of medium-frequency cyclical components

is also generally larger than that of high-frequency. For example, the standard deviation of

real non-farm business output over the medium-term cyclical components is more than twice

that of the high-frequency component (1.24 versus 0.51). The difference is even larger for
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Table 1: Standard Deviation (Annual Frequency)

Standard variables Medium-term cycle (2-64) Medium-frequency component (8-64) High-frequency (2-8)
Output per person 1.33 1.24 0.51

(1.02-1.64) (0.95-1.53) (0.39-0.63)
Consumption 1.87 1.83 0.59

(1.43-2.30) (1.30-2.35) (0.45-0.73)
Investment 3.85 3.18 2.89

(2.95-4.75) (2.44-3.92) (2.22-3.57)
Hours 3.00 2.81 0.90

(2.30-3.70) (2.16-3.47) (0.69-0.11)
Other variables

Credit to non-financial firms 3.69 3.47 1.14
(2.83-4.55) (2.66-4.28) (0.88-1.41)

Business funded R&D expenditure 5.07 4.89 1.08
(3.89-6.25) (3.75-6.03) (0.83-1.33)

Human Capital 0.44 0.43 0.07
(0.34-0.54) (0.33-0.53) (0.06-0.09)

TFP 1.13 0.75 0.89
(0.87-1.40) (0.57-0.92) (0.68-1.09)

Relative price of capital goods 1.44 1.08 1.00
(1.11-1.78) (0.83-1.33) (0.77-1.23)

credit to non-financial corporations- the standard deviation of the medium-frequency com-

ponent (3.67) is roughly three times larger than that of high-frequency component (1.14).

For business funded R&D expenditure, the standard deviation of the medium-frequency

component (4.89) is almost four times larger than that of high-frequency (1.08). The simi-

lar patterns are also found for hours, consumption, investment and relative price of capital

goods. There is only one exception-TFP: the ratio between medium- and high frequency

component is somewhat moderately lower (0.75 to 0.89), while the ratio of variation over the

medium-term cycle to variation over the high frequency is still slightly higher (1.13 to 0.89).

Next, Table 2 reports the first-order auto-correlation of each variable over the medium

term and over the medium- and high frequencies respectively. We find that the standard

business cycles shows relatively little persistence, in contrast with medium-term cycles. For

example, annual non-farm business output being one percentage point above trend in year

t implies that it is likely to be 0.26 percent above trend in year t+1 over standard business

cycles, while this number for medium-term cycles is 0.86 and is even larger (0.96) for medium-

frequency cyclical components. For credit to non-financial, first-order auto-correlation over
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medium-term cycles is 0.84 that is close to the value over purely medium-frequencies (0.89),

which is in sharp contrast with the one over standard business cycles (0.40). This is also true

for all the other variables. The medium-term cycle exhibits significantly greater persistence

for each series, in comparison with standard business cycles.

Table 2: First-order Auto-correlation (Annual Frequency)

Standard variables Medium-term cycle (2-64) Medium-frequency component (8-64) High-frequency (2-8)
Output per person 0.86 0.96 0.26

Consumption 0.88 0.96 0.29
Investment 0.55 0.94 0.28

Hours 0.82 0.89 0.36
Other variables

Credit to non-financial firms 0.84 0.89 0.40
Business funded R&D expenditure 0.94 0.97 0.20

Human Capital 0.95 0.97 0.47
TFP 0.64 0.92 0.45

Relative price of capital goods 0.62 0.90 0.35

Table 3 presents statistics on co-movements among the variables over different frequen-

cies. In the first column is the cross correlation of each annual variable with annual output

over the medium-term cycle, and in the second column is the same statistic for the medium-

frequency cyclical components, and the last column is the high-frequency cyclical components

that are conventionally measured business cycle. The positive correlations between output

and standard variables (including consumption, investment and hours) that are described in

the traditional business cycles are also distinctive features of the medium-term cycles.

Table 3: Contemporaneous Correlation with Output (Annual Frequency)

Standard variables Medium-term cycle (2-64) Medium-frequency component (8-64) High-frequency (2-8)
Output per person 1.00 1.00 1.00

Consumption 0.71 0.73 0.57
Investment 0.54 0.54 0.70

Hours 0.19 0.25 0.34
Other variables

Credit to non-financial firms 0.29 0.35 -0.32
Business funded R&D expenditure 0.60 0.67 0.05

Human Capital 0.51 0.54 0.01
TFP 0.26 0.08 0.70

Relative price of capital goods -0.16 -0.24 -0.12

Similarly, the nonstandard variables for the most part present a positive co-movement
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with output. One remarkable exception is the relative price of capital goods, which is

negatively related with output over medium-term cycles and business cycles. Such finding

is consistent with the current literature as discussed in introduction. Besides, credit to non-

financial corporations tend to be positively correlated with output over the medium-term

cycles (0.35) and medium-frequency components(0.29), while this correlation is negative at

the high frequency (-0.32). Human capital, TFP and business funded R&D expenditure 9 are

positively correlated with output over high and medium-term frequencies but with different

degrees.

For business funded R&D and human capital, only at the medium-term frequency, there

is a strong positive correlation with output, and this positive relation is so weak that can be

ignored over high frequencies. It has been argued that the growth-achieving activities, such as

R&D and schooling, should be countercyclical, since the opportunity cost of such activities-

the forgone output or sales that could have been achieved instead-is lower in recessions.

This view is challenged by an empirical research by Barlevy (2007), who find that R&D

as a major source of growth is procyclical in post-war US. They propose one reason for

procyclical R&D is a dynamic externality inherent in R&D that makes entrepreneurs short-

sighted and concentrate their innovation in booms, even when it is optimal to concentrate

it in recessions. Similarly using the post-war US data, we find that the business funded

R&D expenditure and human capital that is mainly measured by schooling is procyclical

over medium-term cycles, but not clearly relevant in conventional business cycles. It is

fair to say that the forces that drives R&D procyclical and countercyclical both exist and

exhibit in different frequencies. Importantly, over medium-term cycles, these two variables

are procyclical, which is consistent with our model mechanism.

9The business sector investing in R&D exceeds the government and becomes the largest funder for US
R&D since 1980. Thus, we compute its correlation with output since then, in order to have a more precise
measure of its cyclicality.
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3 Model

Motivated by the findings in the previous section, the paper now develops a benchmark model

to explain the medium-term fluctuations. We consider a conventional real business cycle

model, modified to allow for financial accelerator and endogenous productivity. Procyclical

credit constraint by final goods firms induces the procyclical variation in the total level of

investment, including the R&D expenditure. The procyclical movement of R&D expenditure

generates the procyclical variations in the total types of intermediate goods, namely the

number of gross capital goods, thus, which results in the countercyclical variations in the

relative price of capital goods, hence countercyclical vairations in the physical cost and final

goods production in further. Meanwhile, the variety of intermediate goods products is related

with the variations in human capital.

Different with the framework of Comin and Gertler (2006), we consider the financial

accelerator. For the convenience of adding credit constraint to the firms, we combine the

final goods production and R&D activities within one sector-final goods producers. In other

words, R&D is embodied within in final goods producers. They use physical capital and

human capital with Cobb-Douglas production function, where capital goods are the aggre-

gate of differentiated intermediate goods. Final goods producers also invest human capital

in R&D activities to generate the patents, which are the new types of intermediate goods.

As in Romer (1989), creation of new specialized intermediate goods stemming from R&D is

the source of technology enhancement.

The final goods producers borrow with the collateral of firm expected value, which is the

sum of discounted profit in the future. The firm’s profit comes from producing final goods

and generating patents (new type of intermediate goods). Credit constraint is binding to

maximise firm’s profit. Besides, the firm’s dividend cannot be negative or zero, in order to

guarantee the positive firm value for credit collateral and cut off the path to raise money

from shareholders.

There are two kinds of intermediate goods producers. The first one produces some type of
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specialised intermediate goods using unit of final goods. Such specialised intermediate goods

producers are facing a monopolistic competitive market with the profit markup θ. The

second one is a constant elasticity substitution (CES) aggregate of different intermediate

goods. For these gross intermediate goods producers, the market is completely competitive.

Modeling the intermediate goods production in this way is aimed to generate the counter-

cyclical relative price of capital that represents the technology progress. The intermediate

goods production also is related with the physical capital for final goods production.

As for the households, we introduce the human capital increase by education. Together

with the product variety, human capital growth by schooling generate the endogenous growth

in our model. To sum up, our model consist of four agents that responsible for final goods

production and R&D activities, specialised and gross intermediate goods production, and

household’s decisions respectively. Each of them will be explained as follows, and the baseline

model with every agent problem is illustrated in Appendix B.

3.1 Final Goods Production and R&D

Our final goods producers are distinctive with the standard one, since we incorporate R&D

job for them. This modification is necessary, because we are interested in the firm’s choice

between final goods production and R&D investing when facing the credit constraint. In

other words, we encompass final goods production and R&D activities together into the

representative final goods firm. Both schemes require the input of human capital that is

denoted as uYt and uTt fractions of total human capital Ht respectively. Besides human

capital uYt Ht , the final goods production also needs physical capital Kt with the share of

value added 1− α. The production function is Cobb-Douglas, as follows:

Yt = At(Kt)
α(uYt Ht)

1−α

Meanwhile, we assume that the final goods firms are also the innovators. As innovators,
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they invest human capital uTt Ht to create new intermediate goods, based on the current

technology coefficient zt. For simplicity, we currently assume that the patent created in

this period is impossible to become obsolete in the subsequent period.10 As shown by the

following exposure, we assume that output of new intermediate goods is determined by the

human capital employed in the R&D sector and aggregate knowledge:

Tt+1 = Tt + uTt Htzt

We assume that the technology coefficient zt depends on aggregate conditions which are

taken as given by individual final goods firms. In particular, we assume,

zt = ζt+1(T̄t)
γ, 0 < γ < 1

where T̄t the aggregate stock of innovations and ζt+1 is an uncertainty shock. The re-

striction of γ > 0 corresponds a positive spillover effect of the aggregate stock of innovations.

The assumption of γ = 1, however, represents a completely arbitrary degree of increasing

return, as in the Romer/Grossman-Helpman/Aghion-Howitt/Comin-Geteler models. Jones

(1995) criticises that the assumption of γ = 1 is not consistent with the empirical evidence

of R&D time series and TFP growth, and instead proposes the further restriction 0 < γ < 1

that is justifiable for the model to generate a balance growth path that is consistent with

the increasing number of persons devoted to R&D.

We assume such a technology for developing new specialized intermediate goods, fol-

lowing the ideas of models proposed by Romer (1990) and Comin and Gertler (2006). In

their model, the intermediate goods are employed as the input for the the production of

final goods directly. Our model, however, regards the intermediate goods as the specialised

physical capital that is converted into general physical capital and then used for the pro-

10We will consider the rate of obsolescence of technologies for reality and more flexibility in calibrating
the model to match the empirical evidence.
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duction of final goods. Such modifications introduced are based on the conflicts between

relative price of capital goods and credit constraint that we aim to realise at the same time.

Our model should remain the mechanism of counter-cyclical movements of relative price of

capital, whose importance in the low-frequency fluctuations has been stressed by Comin and

Gertler (2006). Comin and Gertler (2006) consider two sectors: capital goods sector and

consumption goods sector, and thus the relative price of capital goods is easily to structure.

Two-sector framework, however, is not viable when we consider the credit constraint to final

goods firms. Instead, we assume the single aggregate production function. All the final

goods firms face the same problem-produce consumption goods Yt and conduct R&D for

innovations that increases the number of new intermediate goods Tt.

In our model, the physical capital is humongous and a factor for consumption goods

production. We normalise the price of consumption goods as one, and denote the relative

price of capital as Pt. With the price Pt, final goods firms buy the gross physical capital Xt

from the gross intermediate goods producers. Thus, the investment expenditure of physical

capital is given as follows:

It = PtXt

The physical capital that is bought at t accumulated into the aggregate physical cap-

ital that can be utilised for the final goods production. The physical capital accumulates

according to:

Kt+1 = [1− δ]Kt +Xt

where Xt is the investment in gross physical capital and δ is the depreciation rate of

physical capital. Xt is the constant elasticity substitution (CES) aggregate of the of dif-

ferentiated intermediate goods that will be illustrated in the agent of intermediate goods

production.

Another important setting for final goods firms is the credit constraint. Following Kiy-

otaki and Moore (1997) and Bernanke et al. (1999), we adopt a collateral constraint on

23



borrowing. Kiyotaki and Moore (1997) stress the dual role of durable assets as collateral for

borrowing besides an input for production. In Bernanke et al. (1999), entrepreneurs borrow

from households with the collateral of net worth in a costly state verification framework.

Similarly, we assume that final goods firms are constrained to borrowing a fraction of their

future firm value, as in Mian et al. (2011). The expected firm value is assumed as the sum

of discounted profit in the future. By doing so, we realise two research purposes:(i) taking

the value of final goods production and innovations as the whole to consider the firm’s credit

limit; (ii) credit constraint relies on the expectation of firm value that includes uncertainty

about future, and this allows expectation errors as a sunspot shock to motivate the model.

Let Vt is the value of final good firms, and let Bt+1 denote Thus, the borrowing constraint

is given as follows:

Bt+1 ≤
χEt+Vt+1

Rt

, 0 < χ < 1

where Bt+1 is the total credit that the final goods firms are able to fund from the external

at time t, which depends on the expected firm value Vt+1. And the borrowing constraint

pare meter 0 < χ < 1 implies that the firms will never repay more than what the firm will

earn in the future as expected. At optimal condition, this constraint is always binding.

As illustrated previously, the firm’s profit for each period Dt that is from final goods

production and creating new innovations is given by:

Dt = Yt + pTt ·∆Tt+1 +Bt+1 −Wt(u
Y
t + uTt )Ht − It −Rt−1Bt

where pt is the innovation price relative to the consumption goods price that is assumed as

unity. To motivate borrowing contract, we assume that final goods firms have a fixed failure

probability π in each period. Then the firm value at the period t+ τ , Vt+τ is given by:

Vt+τ = Et

∞∑
τ=0

Λt,t+τ (1− π)τDt+τ
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where 1−π is the fraction of final goods firms that exist in each period, and Λt,t+τ is the

effective discount factor.

3.2 Intermediate Goods Production

The physical capital Xt is the following CES aggregate of differentiated intermediate goods,

where Tt is the total number of specialized goods in use:

Xt = [

∫ Tt

0

(xit)
1/ϑdi]ϑ, ϑ > 1 (1)

The gross intermediate goods compositor is facing a completely competitive market, and

they input the differentiated intermediate goods xit to produce the composite one Xt. Each

specialised intermediate goods producer is a monopolistic competitor who has acquired the

right to market the respective good via the product R&D process that we describe above. In

the symmetric equilibrium, θ is the producer’s gross markup. The CES formulation implies

gains from expanding variety. Thus, as in Romer (1990) and others, creation and adoption of

new intermediate products (i.e., increasing Tt) provides the ultimate source of productivity

growth.

3.3 Household

The model economy is populated by a continuum of identical households, who maximise the

inter-temporal utility function and accumulate human capital. Households provide human

capital in final goods production and R&D activities with the total fraction ut.

ut = uYt + uTt

Individuals may spend part of their human capital,1 − ut, on education. We assume

that this non-market activity is the source of human capital accumulation, as described in
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the models of Uzawa (1965) and Lucas Jr (1988). Thus, the human capital accumulates

according to:

∆Ht+1 = φ(1− ut)Ht, φ > 0

where φ is the productivity of schooling and it measures the incentive to spend time in

education. Households maximise the following lifetime utility function:

Et

∞∑
τ=0

βτ [
(Ct+τ )

1−σ

1− σ
]

where 0 < β < 1 and σ > 0. Households earn wages, w, per unit of employed human

capital and returns, r, per unit of savings, and hold the dividends Dt and value of new

specialised intermediate goods
∫ Tt+τ
0

Πi
t+τdi, as the shareholders of final goods firms.

Ct+τ + St+τ+1 = Wt+τut+τHt+τ +Rt+τ−1St+τ +

∫ Tt+τ

0

Πi
t+τdi− pTt+τ∆Tt+τ+1 +Dt+τ

4 Equilibrium conditions and balanced growth path

4.1 Equilibrium conditions

The economy has a sequence of markets equilibrium. The endogenous state variables are the

human capital stock Ht, aggregate capital stock Kt, the stock of intermediate goods invented

Tt and firm’s credit Bt. The following system of equations characterizes the equilibrium.

Specialized and gross intermediate goods market- We assume that each specialised

intermediate goods is utilised by one unit of consumption goods on average in equilibrium,

namely F (x̄i) = x̄i. Thus, the relative price of specialised intermediate goods is given by:

pt = ϑ

Thus, in equilibrium, the relative price of specialised intermediate goods is the gross markup
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for each specialised intermediate product. The specialised intermediate goods producers are

facing a monopoly market and their profit in equilibrium is given by

Πt = (ϑ− 1)xt

The present value of profits that the producer would receive from marketing the specialized

intermediate good is the innovation (patent) value at symmetric equilibrium that is regarded

as the price of patent as follows:

pTt =
∞∑
j=0

Λt,t+j︸ ︷︷ ︸
βjEt(

C−σ
t+j

C−σt
)

Πt+j

From the gross markup of specialised intermediate goods and the CES aggregator for inter-

mediate goods, the relative price of the intermediate good composite in equilibrium is given

by

Pt = ϑT 1−ϑ
t

Observe that the gross intermediate goods Pt declines as the number of specialized inter-

mediate products, Tt, increases, since the gross markup of specialised intermediate goods

ϑ exceeds unity. Technological improvement is thus manifested in decreasing prices of the

gross intermediate goods, which is also the gross capital price. And the gross intermediate

goods in equilibrium is

Xt = T ϑt xt

Factor markets-The human capital market satisfies the requirement that the marginal

product of final good production and R&D is equal to wage:

(1− α)AtKt
α(uYt Ht)

−α = pTt · ζt+1T
γ
t = Wt
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where uYt and uTt is the fraction of human capital distributed in final goods production and

R&D activities. The sum of them is the total labour supply in the market:

ut = uYt + uTt

Human capital evolution through schooling is given by

∆Ht+1 = φ(1− ut)Ht, φ > 0

The equilibrium condition for physical capital is

(1− π + χµt)
Et(1 + ξt+1)[αAt+1K

α−1
t+1 (uYt+1Ht+1)

1−α + Pt+1(1− δ)]
Rt

= Pt(1 + ξt)

Besides, accumulation of innovations (patents) and capital is as follows:

Tt+1 = Tt + ζt+1T
γ
t u

T
t Ht, 0 < γ < 1

Kt+1 = [1− δ]Kt +Xt

Resource constraints and credit-The total output is utilised as consumption goods

and intermediate goods. The final goods market clearing condition is given by

Yt = AtKt
α(uYt Ht)

1−α = Ct + Ttxt

In equilibrium, the firm credit constraint is binding. The amount of credit that firms borrow

is equal to the discounted firm value as follows:

χEtVt+1

Rt

= Bt+1
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Consumption and savings-We can express the intertemporal Euler equation as

Λt,t+1 ≡ βEt(
C−σt+1

C−σt
) =

1

Rt

The substitution between human capital and consumption implies

(φ+ 1)βEt(C
−σ
t+1Wt+1) = C−σt Wt

4.2 Balanced growth path

In a steady state, uY , uT , A, and x are some constants, and there is balanced growth for

the non-stationary variables. That is, both output and the specialised intermediate goods

that represent technological progress grow at the same rate g. Next, we employ the sym-

metric equilibrium system above to solve the balanced growth path for these non-stationary

variables.

The final goods market clearing condition Yt = Ct + Ttxt implies

1 + g ≡ Yt+1

Yt
=
Ct+1

Ct
=
Tt+1

Tt

We denote the growth rate physical capital and human capital as gK and gH respectively.

The production function Yt = AtKt
α(uYt Ht)

1−α implies

Yt+1

Yt︸︷︷︸
1+g

= (
Kt+1

Kt︸ ︷︷ ︸
1+gK

)α(
Ht+1

Ht︸ ︷︷ ︸
1+gH

)1−α

The accumulation of human capital indicate

gH ≡ ∆Ht+1

Ht

= φ(1− ut)
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The accumulation of physical capital implies

gK ≡ Kt+1

Kt

− 1 =
T ϑt xt
Kt

− δ

Namely,

1 + gK = (1 + g)ϑ

The accumulation of specialised intermediate goods shows:

g =
Tt+1

Tt
− 1 = ζuTt T

γ−1
t Ht

Namely,

1 + gH = (1 + g)1−γ

These equations of relationship between growth rates of non-stationary variables generate

the following two parameter constraints:

(1− γ)(1− α) + ϑα = 1

(1 + g)1−γ = φ(1− u) + 1

The equation of human capital wage and marginal production in final goods production and

R&D implies:

Wt+1

Wt

= (1 + gK)α(1 + gH)−α = (1 + g)γ

Thus, we have another parameter constraint as follows:

α(ϑ+ γ − 1) = γ
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From the patent value equation, we derive the innovation (patent) price as follows:

pT = (ϑ− 1)x
R

R− 1

And the Euler equation indicates that the interest rate at steady state is constant:

R =
(1 + g)σ

β

The relative price of capital grow as follows:

Pt+1

Pt
=

Yt+1/Yt
Kt+1/Kt

=
1 + g

1 + gK

Thus,

1 + gK = (1 + g)θ

4.3 Equilibrium conditions in stationary form

Since the model exhibits balanced growth all of the non-stationary variables have to be

de-trended. Hence, according to the respective balance growth rates, we normalize these

non-stationary variables with trend shock Tt to induce stationarity. The de-trended versions

of the respective variables are defined as follows:

1 + gt+1 =
Tt+1

Tt

yt =
Yt
Tt
, ct =

Ct
Tt

kt =
Kt

(Tt)ϑ
, κt =

Xt

(Tt)ϑ
, pt =

Pt
(Tt)1−ϑ

, ⇒ ptkt =
PtKt

Tt

ht =
Ht

(Tt)1−γ
, wt =

Wt

(Tt)γ
, ⇒ wtht =

WtHt

Tt
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We have the following equilibrium conditions which characterized this economy:

pt = ϑ

pTt = (ϑ− 1)κt +
1

Rt

Etp
T
t+1

yt ≡ At(ztkt)
α(uYt ht)

1−α

yt = ct + κt

βEt[
(1 + gt+1)ct+1

ct
]−σ =

1

Rt

(1 + gt+1)
γE(wt+1)

wt
=

Rt

φ+ 1

E(1 + gt+1)
1−γht+1 = [1 + φ(1− ut)]ht

uYt =
(1− α)yt
wtht

wt = ζpTt

(1− π

χ+ 1
)
Etpt+1

pt
(1 + gt+1)

1−ϑEt[α
yt+1

pt+1kt+1

+ (1− δ)] = Rt

dt = yt + pTt gt+1 + bt+1 − wtht(uYt + uTt )− ptxt −
Rt−1bt
1 + gt

vt = dt + Et[
1− π
Rt

(1 + gt+1)vt+1]

bt+1 =
χEtvt+1(1 + gt+1)

Rt

(1 + gt+1)
θkt+1 = (1− δ(zt))kt + κt

gt+1 = ζtu
T
t ht

ut = uYt + uTt

lnAt+1 = ρlnAt + εt+1
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5 Model simulation

Here, we present the calibration as the benchmark that need to be adjusted in the future.

There is a total of 14 parameters. Primarily, these parameter values should satisfy the

requirement of balanced growth path. As mentioned previously, there are are four restric-

tions of parameters that generated from solving the growth rate of balanced growth path.

Otherwise, we look for evidence for parameter setting in the existing literature.

We begin with the standard paramters. We set the capital share α equal to 0.33 so that

it matches the steady state capital input level in the capital first order condition to that in

data which is commonly used in the RBC literature. We use a 0.025 annual depreciation rate

to match the capital law of motion that ranges from 0.02 to 0.12 in current literature. We set

the coefficient of relative risk aversion σ to 2 which ranges from 1 to 2 in the non-separable

utility function in order to have a balanced growth path. The discount factor β equal to 0.99

to match the steady state share of non-farm business investment to output. The average

annual growth rate of non-farm business output per person g is set to 0.024, as indicated by

the empirical evidence of the US.

Next we turn to the non-standard parameters. We choose the value of 1.6 for the gross

markup for specialized capital goods, as proposed by Comin and Gertler (2006). According

to the restrictions of balanced growth path αγ − γ − α+ ϑα = 0, we can derive the positive

external returns of R&D γ equal to 0.2955 that range 0 and 1 as suggested by Jones (1995).

From the parameter restriction 1 + g = [(φ + 1)β]
1

α−γ , we can compute the human capital

accumulation parameter φ equal to 0.0205. The parameter restriction 1+g = [(1−u)φ+1]
1

1−γ

generates the value of the percentage of human capital in work u at steady states that is

equal to 0.7935. We set the borrowing constraint parameter χ to 0.7, and the mortality rate

of final goods firms π to 0.0272, as suggested in the model of Bernanke et al. (1999).

We begin to test the model with a standard exogenous technology shock. Assuming the

exogenous technology variable At follows lnAt+1 = ρlnAt + εt+1, εt ∼ N(0, 0.0072). The

persistence value of the temporary shock ρ is set to 0.95. The impulse response functions
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are presented in the following Figure 5.

Figure 5: Impulse response function for a standard exogenous technology shock

6 Conclusion and next steps

The idea that the economic fluctuations should not be only associated with high-frequency

has been proved in this research. We first construct measures of the cycle based on log
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difference and log levels respectively, with Wavelet analysis that is advantageous in non-

stationary time series and low-frequency fluctuations. Using the postwar US data, we find

that the medium-term cyclical components (frequencies over 8 years) widely exist in real

economy and financial sector. These medium-term cycles are considerably more persistent

and volatile than that of conventional business cycles. The empirical result suggests the

postwar economic fluctuations may be more important phenomena than conventional anal-

ysis suggests. Our study also illustrates that both standard variables (e.g. consumption,

investment) and non-standard variables (e.g. credit to firms, business funded R&D expen-

diture, human capital) are featured with strongly procyclical movement over medium-term

cycles, which is not significant over high frequencies. The relative price of capital goods,

however, is a remarkable exception, which is negatively correlated with output over both

high and medium-term frequencies.

These facts motivated us to approach modeling the medium-term cycle. The first quan-

titative medium-term cycle model is developed by Comin and Gertler (2006), but they focus

on the medium-term cycle in real economy without considering financial factors. Our model

is aimed to provide an integrated explanation of medium-term cycles in both real economy

and financial sector. We modify a conventional business cycle framework to allow for credit

constraint and endogenous growth. These two mechanisms as well as their interplay reflects

a persistent and amplified response of economic activity to the high-frequency fluctuations

that generates medium-term cycles ultimately. Our model consists of three parts-final goods

production and R&D, intermediate goods production and household’s decisions involving

four agents.

So far, we have developed the baseline model and presented the model simulation mo-

tivated by the conventional exogenous technology shock. The current results show some

problems of the baseline model that requires further revisions. One major challenge is the

difficulty to figure out the parameter restrictions that can guarantee the positive dividend

of the firms at steady state due to the current model setup. We are exploring two possible
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solutions: (1) considering the intermediate goods as an input that directly enter the produc-

tion function, and meanwhile to cut down the endogenous growth from human capital; (2)

assuming the human capital growth not only from education but also from product variety,

to combine two sources of endogenous growth in a more straight way.

Besides adjusting the model setting up, the simulation calls for refining to better match

the data. To test with the conventional exogenous technology shock is necessary for compar-

ing with the standard RBC model. Our research, however, is aimed to seek non-technology

shock, such as the sunspot shock of expectation errors, to motivate the model. We have

experimented the expectation errors of growth rates and firm value respectively, and both

are capable to satisfy the indeterminacy of steady states to spark the model. To illustrate the

capability of explaining the real data, the statistic analysis including the standard deviation,

auto-correlation and correlation with output will be compared between the cycles generated

by both the model and the empirical evidence. In addition, both log-difference and log-level

based measures of the cycles will also be taken into account for the model simulations.
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Appendix A. Figures

A1. Preliminary Test with Post-War US data

Figure 6: R&D Investment
(Source: NSF)

Figure 7: Credit to Household and Non-financial corporation
(Source: BIS)
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Figure 8: TFP and Relative Price of Capital Goods
(Source: FRED)

A2. Medium-term Cycles by Log Difference

Figure 9: Real Non-farm Business output
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Figure 10: Real Personal Consumption

Figure 11: Real Private Investment
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Figure 12: Credit to Non-financial Corporations

Figure 13: Business Funded R&D Expenditure
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A3.Medium-term Cycles by Log Levels

Figure 14: Real Non-farm Business Output(log level)

Figure 15: Real Personal Consumption (log level)
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Figure 16: Real Private Investment (log level)

Figure 17: Credit to Non-financial Corporations (log level)
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Figure 18: Business Funded R&D Expenditure (log level)

Figure 19: Relative Price of Capital (log level)
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Figure 20: Human Capital (log level)

Figure 21: TFP (log level)
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Appendix B. Modelling

B1. Baseline Model

B1.1. Final Goods Production and R&D

The problem of final goods firms

Max Vt+τ = Et

∞∑
τ=0

Λt,t+τ︸ ︷︷ ︸
βτEt(

C−σt+τ
C−σt

)

(1− π)τDt+τ

where

Dt+τ = Yt+τ + pTt+τ ·∆Tt+τ+1 +Bt+τ+1 −Wt+τ (u
Y
t+τ + uTt+τ )Ht+τ − It+τ −Rt+τ−1Bt+τ

s.t.

It+τ = Pt+τXt+τ

Yt+τ ≡ At+τKt+τ
α(uYt+τHt+τ )

1−α

Kt+τ+1 = (1− δ)Kt+τ +Xt+τ

Tt+τ+1 = Tt+τ + ζT γt+τu
T
t+τHt+τ , 0 < γ < 1

Bt+τ+1 ≤
χEt+τVt+τ+1

Rt+τ

, 0 < χ < 1

Dt+τ > 0

⇔

Max Vt = Dt + Et[(1− π)Λt,t+1Vt+1] + λt[(1− δ)Kt +Xt −Kt+1] + µt[
χEtVt+1

Rt

−Bt+1]

+ξt[AtKt
α(uYt Ht)

1−α + pTt · ζt+1T
γ
t u

T
t Ht +Bt+1 −Wt(u

Y
t + uTt )Ht − It −Rt−1Bt]

F.O.Cs:

Xt : λt = Pt(1 + ξt)
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uYt : (1− α)AtKt
α(uYt Ht)

−α = Wt

uTt : pTt · ζt+1T
γ
t = Wt

Kt : V ′Kt = (1 + ξt)αAtK
α−1
t (uYt Ht)

1−α + λt(1− δ)

Kt+1 : (1− π)Et[Λt,t+1V
′
Kt+1

] + χµt
EtV

′
Kt+1

Rt

= λt

Bt : V ′Bt = −(1 + ξt)Rt−1

Bt+1 : 1− µt + ξt + (1− π)Et[Λt,t+1V
′
Bt+1

] + χµt
EtV

′
Bt+1

Rt

= 0

B1.2.Intermediate Goods Production

(1) Gross intermediate goods compositor: completely competitive

The problem of gross intermediate goods (gross capital) producer

max{xit}Π
M
t ≡ PtXt −

∫ Tt

0

pitx
i
tdi

s.t.

Xt ≡ [

∫ Tt

0

(xit)
1/ϑdi]ϑ, ϑ > 1

F.O.Cs: demand function of xit

xit : Pt(
Xt

xit
)1−1/ϑ = pit

By the fact that completely competitive market of gross intermediate goods, we know that

ΠM
t = 0, i.e.,

PtXt =

∫ Tt

0

pitx
i
tdi

Replacing xit by the demand function:

xit = Xt(
Pt
pit

)ϑ/(ϑ−1)

we obtain the price index of gross intermediate good given by

Pt =
[ ∫ Tt

0

(pit)
1

1−ϑdi
]1−ϑ
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At symmetric equilibrium,

Pt = T 1−ϑ
t pt.

(2) Specialized intermediate goods producer: monopolistic competitive

The problem of specialized intermediate goods (specialized capital) producer:

Max
{xit}

Πi
t = pitx

i
t − F (xit)

s.t.

pit = Pt[
Xt

xit
]1−1/θ

⇒
Πi
t = PtXt

1−1/θxit
1/θ − F (xit)

F.O.C

xit :
1

θ
PtXt

1−1/θxit
1/θ−1

= F
′
(xit)

⇒
pit = θF

′
(xit)

At symmetric equilibrium,

Π̄t = (θ − 1)x̄t

B1.3. Households

The household problem:

Max{Ct+τ ,ut+τ}Et

∞∑
τ=0

βτ [
(Ct+τ )

1−σ

1− σ
], 0 < β < 1

s.t.

Ct+τ + St+τ+1 = Wt+τut+τHt+τ +Rt+τ−1St+τ +

∫ Tt+τ

0

Πi
t+τdi− pTt+τ∆Tt+τ+1 +Dt+τ

∆Ht+τ+1 = φ(1− ut+τ )Ht+τ , φ > 0
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where ut+τ ≡ uYt+τ + uTt+τ is the total fraction of human capital for working that including

final good production and R&D activities. ⇒

L = MaxEt

∞∑
τ=0

βτ{{(Ct+τ )
1−σ

1− σ
+ µHt+τ [φ(1− ut+τ )Ht+τ +Ht+τ −Ht+τ+1]

+λHt+τ [Wt+τut+τHt+τ +Rt+τ−1St+τ +

∫ Tt+τ

0

Πi
t+τdi+Dt+τ − Ct+τ − St+τ+1]}

F.O.Cs:

Ct+τ : C−σt+τ = λHt+τ

ut+τ : λHt+τWt+τ = φµHt+τ

Ht+τ+1 : βEt+τ
{
µHt+τ+1[φ(1− ut+τ+1) + 1] + λHt+τ+1Wt+τ+1ut+τ+1

}
= µHt+τ

⇒
(φ+ 1)βEt+τµ

H
t+τ+1 = µHt+τ

St+τ+1 : βEt+τ
[
Rt+τC

−σ
t+τ+1

]
= C−σt+τ

Λt+τ,t+τ+1 ≡ βEt+τ (
C−σt+τ+1

C−σt+τ
) =

1

Rt+τ

B2. Balanced growth path

Solving the balance growth rates, we have the following equations:

1 + g = 1 + gC = 1 + gT = 1 + gY = [(1− u)φ+ 1]
1

1−γ = [(φ+ 1)β]
1

σ−γ

1 + gK = 1 + gX = (1 + g)ϑ

1 + gH = (1 + g)1−γ

1 + g = (1 + gK)α(1 + gH)1−α

Wt+1

Wt

= (1 + g)γ

Wt+Ht+1

WtHt

= 1 + g
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Pt+1

Pt
= (1 + g)1−ϑ

R =
(1 + g)σ

β

pTt = (θ − 1)x̄
R

R− 1

Parameter restrictions

[(1− u)φ+ 1]
1

1−γ = [(φ+ 1)β]
1

σ−γ

αγ − γ − α + ϑα = 0

φ >
1

β
− 1
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